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Let ey 4 be a diagonal matrix diag{l,...,1,—1,...,—1} of order p + q with p of 1 and ¢

of —1. The special pseudo-orthogonal group SO(p, q) consists of unimodular real matrices g
of order p + ¢ satisfying the equation e, 4g* = g”lep,q. We assume that p > ¢. Let X denote

the cone . i
{w = (1) vsv3Bpiq) 5 me - Z:vf,_,_i =0,z # 0}
i=1 i=1

in RP*9. It is a homogeneous space of the group SO(p,q). Let us consider the following
subsets of the cone Xj:

p+q
'y := {m:Zm?=1},
=1

Do:={z:2p+2p1g=1},
[y := {z:zp, = £1},

n
Ty(n) := {x : Zx? = 1} ;
i=1
n m
Cs5(n,m) := {m : wa - Zazf,_l_i = 1} ,
=1 i=1

wheren € {2,...,p—1},me {2,...,¢g—1}. Fori=1,...,5, there exists a subgroup G; of
SO(p, g) which acts on I'; transitively. Namely, G; ~ SO(p) x SO(q), G3 ~ SO(p—1) x SO(qg),
G4~ 50(n) xSO(p—n,q), G5 ~ SO(n,m) xSO(p—n,g—m) and Go = G3(p, q) is a nilpotent
subgroup given by formulas

G2(2,1) = exp[R(e12 + e13 + e31 — e21)],
G2(2,2) = exp[R(e12 —ea1 — eg3 — e32) + R(e14 + ea1 + es3 — e34)],
G2(3,2) = exp[R(e12 —e21 —ea3 —e32) +

+ R(e1s + es51 + es53 — e35) + R(e1s + ea1 + es3 — e34)],

etc., where e;; are vectors of the canonical basis in Mat(p + ¢,R). Let du;(z) denote a
Gi-invariant measure on I';.

For 0 € C, let D, denote the linear space of o-homogeneous functions f on X of class
C®. The representation T, of SO(p, q) acts by translations on D,:

T,(9)f(z) = f(g9~'=).
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We define bilinear functionals Fj, i = 1,...,5, on the pair Dy, Ds as follows:
Fi(f,12) = [ £(2) fale) dis(o)
T
Proposition 1 IfG = —0 —p — q + 2, then all § functionals F;, i = 1,...,5, coincide.

Indeed, we can write a point z of the cone Xp as z = ty, where y € I'; and t € R. Then
P+4-3dy;(y) is a measure on X, invariant with respect to SO(p,g). It remains to remember
that functions in D, are o-homogeneous.

We want to establish some relations for special functions using the formula

F;(u,v) = Fj(u,v), i# J,

where u and v are some functions.
Let { ff(’} be a basis of D, consisting of eigenfunctions for the subgroup G;. Suppose

that an automorphism c”¥ transforms { ff{’} into { fﬁ} Then

cix = Filf& f oy

is a matrix element of ¢”9. If i # j, we sometimes can obtain interest relations between
special functions by the formula

Fi(fIa{i7 2\4) = F]( i‘g’ f{w)
Now define functionals F;(g):

Fi(9)(f1, f2) = Fi(Ts(9) f1, Tz(9) f2)-

The formula _ e
75 (9) = Ri(To() 1%, £7%)

gives matrix elements of the representation T associated with the basis { f;‘(’} If i # j, we
can obtain some new relations by

Fy(To(9) %, 7)) = Fi(To(9) 7% 17%)-

The following proposition can be useful to compute t‘; R(g)

Proposition 2 If6 = —0 —p—q+2, then Fi(g) = Fi.

The proof consists of three steps.

Step 1. Since G = —0 — p — ¢ + 2, then (according to Proposition 1) F; = F;.

Let us use the decomposition

SO(p,q) =G x H x Gl,



Bectuuk TT'Y, 1.11, BN 1, 2006

where H is the subgroup consisting of elements h having the form:

q
h=h(t1, ..., tq) = H h(p—qrip+q—i+1)(ti),

i=1
where hy sends z to z’ such that
z), = xxcosht+ z;sinhi,
T} = =gsinht+ z;cosht,

g = =, ¢ (ki)

Step 2. For any g € G; and any 0,5 € C, we have Fi(9) = F,
Step 3. Ifge H and 6 = —0 —p — q + 2, then F’,(g) = I,
For example, let us consider the group SO(2,2) and bases

{Fedpy s T €NU{O}, ko € {=hi, k1 +1,..., ki}}

and
{f&?’lz) : (l17l2) € ]R2} ’
consisting of functions

o—ky —kz . ]
flopy = (@l +23) * (o2+ i1kt (x4 + iz3)k?

and
l1$1 — 12363)
To + T4 i

Let
u(z) = (z1 cosh 8 — z3sinh 3)°.
The formula
2,
Fiy(u, fi7n2?) = Fa(u, £y )

implies [1] the following identities

o 1
> Z (k2 + k2)/* [I‘ (k—1+—k2+§)r(k2 i +§)] X
2 4 2 4
k1=0 ko=—k1
2 | 1.2\1/2
X Wk]-;kz’_%(h — l1)Wk2;k] ,_%(12 + ll)K_% (exp(—ﬂ) (kl + kZ) )
4

= §7r—1l2_1/2[sinh,3]_1/2[cosh[?]_l[sin(—l/Z)]_1 *

x expp (B-18)"* (1+ (-ulz" tanh )" Y -,
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and

00 k1 -1
Z Z k
[F ( 1 ;k2 4 %)] 8
k1=0 ko=-k;

ka—FE  3\]1!
X [F ( 2 + Z)] Wk]—;kz ’0(l2 —1) x

X szgk} ’0(l2 + ll)KO (exp(_ﬂ) (k% e k‘%) 1/2) =0,

which are true under the condition 8 > 0, Iy > 0, |l1] < la.

If we take the simplest Lorentz group SO(2,1), then bases { f¢* : k € Z} and {ff? : 1eR}
consist of functions

g—k .
fgl =L (m% +x%) 2 (z +iz,)F

and

il
fla2 — (.’L‘2 +$3)a’ exp ( wUT1 ) .

To + T3

From the formula
Ccl:l12 = Fl ( ;gl, :10_1’2) = F2 (fgl,f:f_l’z)

we derive [2] a representation of Whittaker function:
Wisgnt,o+1/2 2|1]) = 1|72 (ksgnl — o) x

00 k —m+l
k n+m+1 nomtl 5k m+1;
n 3In—m — 2 ’ !
x ) E_ l (m)[(1+3 )B(———2 ok m+1)2F1< nom+3 | g ] )+

n=0 m=0

—n+1 —nemil gk —m+1;
1 -2k+3n+m)B<m n tok— +1> F 2 ) ) ]’
+ (+z ~— o m 21 i‘-éw+a+k;—1

which holds under the condition ¥ € N, —1 < Reo < 0.

In [2] we obtained the matrix elements t;{ ~L1(g) where g belongs to the subgroup Ga x H

of the group SO(2,1). This result implies immediately the following equality
A(.S,t) + A(_Sa _t) = 0t

for the special function

Als ) = %(t _o)T(o+5+1) x

I'(20 + 1)I'(20 + 3)T'(0 + s+ 3) 5
— o . 5
X [( 1) T(—0 1) sFy(c+s+ 1,20 +3,2;20 + 2, 2,1)+
T(20 + )I(o —t+1)I(Z —o — 1)
Fy(~0 —s,—20+1,2;—20,—0 + k —2;1
[(o+t+1) 3Fp(—0 —s8,-20+1,2;-20,—0 + 1) +
['(—20 — 1)['(20 + 3)
-1 o+1 F 1.2 3.2:92 2.0 —t+3: 1|
+ ( ) F(S“O')F(O'—t+3) 3 2(U+3+ y o+ y 25 o+ , 0 o3 : )]
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